IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Note on the algebra of screening currents for the quantum-deformed W-algebra

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1997 J. Phys. A: Math. Gen. 30 7659
(http://iopscience.iop.org/0305-4470/30/21/032)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.110
The article was downloaded on 02/06/2010 at 06:04

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/30/21
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Ger30 (1997) 7659-7666. Printed in the UK Pll: S0305-4470(97)83973-X

Note on the algebra of screening currents for the
guantum-deformed W -algebra

Liu Zhaot and Bo-Yu Hou
Institute of Modern Physics, Northwest University, Xian 710069, People’s Republic of China

Received 2 May 1997, in final form 10 June 1997

Abstract.  With slight modifications in the zero modes contributions, the positive and negative
screening currents for the quantum deforniéealgebra)V, ,(g) can be put together to form

a single algebra which can be regarded as an elliptic deformation of the universal enveloping
algebra ofg, whereg is any classical simply laced Lie algebra.

Recently, various deformations of the classical and quantum Virasordvaaljebras have
received considerable interests. Frenkel and Reshetikhin [6] first introduced the Poisson
algebras, (g), which are g-deformation of classicaW-algebras. Later Shiraishet
al [13] obtained a quantum version of the algebg (si2), which is a noncommutative
algebra depending on two parametgrsandqg. Awataet al [1] and Feigin and Frenkel [4]
independently extended this result to the general case, i.e. quantum defdfragpbbras
W,.»(g), whereg is any classical semisimple Lie algebra. All these algebras were obtained
together with their respective bosonic Fock space representations. Similar considerations,
with respect to the Yangian deformation, were also carried out and have kedafmrmed
Virasoro algebra [3] and quantugg, /)-deformedW-algebras [8].

In [4] they also obtained the screening currents for the algébka,(¢) and found
the elliptic relations between them. They noticed that the relations for the positive (resp.
negative) screening currents form an elliptic deformation for the loop algeb(eesp.i_)
of the nilpotent subalgebra, (resp.n_) of g. However, they did not consider whether
these two nilpotent elliptic algebras can be put together to form a unified elliptic algebra.

In this note we shall show that it is possible to combine the above nilpotent algebras
into a single unified elliptic algebra if we introduce some new generating currents denoted
by H,.i(z) and slightly modify the zero mode contributions in the bosonic representation of
the screening currents (the modified ‘screening currgraee denoted byz;(z) and F;(z)
respectively whilst the original ones are denoted?ﬁyZ)). Unlike the unmodified screening
currents, the modified currents;(z), F;(z) and the newly introduced currentﬁii(z) do
not commute with théV-algebra generating currents even up to total differences.

Let us start with a brief description of the results of [4] which are necessary for our
discussion. First we consider the simple casegof sly. By definition, the algebra

1 E-mail address: Izhao@nwu.edu.cn
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§ Strictly speaking, the modified currents are no longer screening currents of the deféfraketbra and hence
we here use the quotation marks.
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W, »(sly) is generated by the Fourier coefficients of the curr@ngs), . .., Ty—1(z), which,
in the free field realization, obey the quantum deformed Miura transformation

D). — Ti(@) D)t + D) D)% — -+ (DY 1 (@) Dpr + (D)
= 1 (Dpr = AM@)(Dpr = Az(zp)) -+ (Dypr — An(zp )
whereA;,i =1,..., N are generating series of a Heisenberg algelivaf](x) = f(xa).

The screening curren&‘t(z) are solutions of the difference equations

DS (2) = p7t: Aipa@p P A (zpP) IS (2)
DpeSi @) = p~t: Aisa(@p P Ai(zp) IS (@) 1

From the above formulae one can show that the screening cusieatsands;” (z) commute
with the W-algebra generating currenfs(z) up to a total difference. The case of other
simply lacedg of rank N — 1 can be understood in a similar fashion with an appropriate
modification in the form of a Miura transformation.
Let p,q be two generic parameters such that/q| < 1. We introduce a third
parameterg using the relationp = ¢~#. For general simply laced Lie algebgawith
the Cartan matrix(4;;), we introduce the Heisenberg algebra 14} ,(g) with generators
ai[n],i=1,...,N—1,neZandQ;,i=1,..., N — 1 and relations
_n Aijn/2 _ —A;jn/2 _ n
(ai[n], a[m]] = 1d-g"p p ' A= (/9"
n 1-p
lai[n], Q;] = AijBdn.o-

n,—m

Let
st m] = fm[”i] . m#A0 70 =al0]
o1 ai[m] -101 — .
S; [m] = q/p)" —1 m # 0 S; [O] = a,[O]/ﬂ.

Then the screening currensé(z) andS; (z) can be realized in the Fock space’®f ,(g)
as [4]

Si*(z) = Qi 5[0 - exp(Zsi*[m]Z—m) : Q)
m#0
S () = e*Qi/ﬂzfsf[O] : eXp( — Zsi_[m]zm> . (2)
m#0

Using these bosonic expressions, Feigin and Frenkel [4] arrived at the following elliptic
relations for the screening currers (z) and S; (z),

Aij—AiB-1 0, (%pAi//Z)
0q (ipA”/z)
0151 Gy (2 PP

SF@S ) = (=ph(2) sSSws@ @)
Z

5. @8 ) = 4t (2) S w)S @ (@)

where as usual,

6,00 = (<la)so(ax Na)w(ala)s  (xla)oo = [ [ - xa")
n=0
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and equations (3) and (4) are to be understood in the sense of analytical continuation. Note
that the functiorg, (x) is an elliptic function with multiplicative periods and &',

0, (ax) = —x 16, (x) 0, (x€”) = 6, (x).

In [4], Feigin and Frenkel also obtained the cross relations betvﬁéem) and S; (z) as
normal ordered relations,

SH()S7 (w) = = wq)(zl_ i D SH(2)ST (w) 5)

SH(@)S; (w) = (z —wp™?q) : ST (2)S; (w) : Aj=-1 (6)

55 (@)S;7 (w) =1 5 (2)S; (w) A =0. (7)
The reversed relation can also be obtained straightforwardly,

ST )ST@) = Zq_l)iw S opghy SO ) ®)

ST w)ST (@) = (w—2p"%g™H 1 5T ()8 (w) : A =-1 (9)

S;(w)Sf(z) = 8 (2)S] (w) : A;; =0. (10)

The primary motivation of this work was to combine the algebra of positive and negative
screening currentSii(z) into a single unified algebra. For this the relation betwsé&i)
and S (w) have to be closed in the sense of commutator algebra. However, as can be
easily shown from equations (5)—(10), this is impossible if we use the original form of
the screening currents, because on the right-hand side of the commutation relatiorx (here
implies ‘equals up to regular terms’)

[SF(z), S (w)] = &; < ! — 1 ): ST ST (w):
ERERE "\z—wq)z—wplq) (w—zgH(w—zpgh) "

.o+ — . ; ; ; : 1
the operator :S; (2)S; (w) s bilocalized and the rational expression- = i —

Wlw—zpq’l) cannot be rewritten as the sum éffunctions. This imply that the
commutator §;(z), S; (w)] does not close over the space of operators depending only
on one spectral parameter.

The way around this difficulty is to modify the screening currents slightly so that the
commutator of the modified ‘screening currents’ indeed close over the space of operators
depending on a single parameter.

The modified ‘screening currents’ read

Ei(z) =% (p/9)"D)" exp( Zs,-*[m]z’“) : (11)
m#0

Fi(z) =e 9% (zqV?» 70 : exp( — Zs[[m]z’") : (12)
m#0

where P; = s; [0], which satisfy the relation
[P, Qi1 =Ai;.

After the above modification, we can easily show that the relation&far) and F; (z)
read

10, (2p"7)

TS

A Gy (29"

Opsq (5077

w

E@)Ew) = (1" (7) E;(w)Ei(2) (13)

Fr@Fw) = (-n% Fi(w)Fi(2). (14)
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Moreover, equations (5)—(10) will be turned into
1

Ei(2)Fi(w) = B Fw): (15)
(p/q)22 (1 - 12) (1 1)

Ei(2)E;(w) = (z(p/q)? (l - %P_WCI) L Ei(2)Fj(w) : Ajj=-1 (16)

Ei()Fj(w) = Ei(2)Fj(w) : A;j=0 (17)

Fi(w)E;(z) = : FACTADE (18)
w7 (1 5) (1 )

Fi(w)Ei(2) = (wg*?) (1— pl/zq‘l) E@Fw): Ay=-1 (19)

Fi(w)E;(z) =: Ei(2)Fj(w) : Ajj=0 (20)

following from which we have the commutation relation

[E:i(2), F;(w)] ~ O [5 (w) H'(zg ) -5 (
(p— zq

) H;(w(p/q)lfﬂ

Dzw z(p/q)
(21)
where we have introduced the new generating currHli*tsz)
H(z) = E;i(zq"*)Fi(zq™?) : (22)
H () = Eiz(p/@) D) Fi(z(p/)"?) : (23)

which play the role of Cartan subalgebra generators, and-thaction is defined as
8(z) = ZZ” f(@)b(z/w) = f(w)d(z/w).
neZ

From equations (13)—(21) we can further obtain the following commutation relations which
should all be understood in the sense of analytical continuations,

29 w A,/Z G- (¥ Aij/2
ronf = ()G
( 1/2) ( P ”[71/2)
(%p(A,,pl/Z) ( p(A,,p—l/z)

w p ,/2q71/2)
Zq1/2> p ,,/2q1/2)

H (w)H; (2) (24)

o w = (") H () H (2) (25)

HY()E;(w) = (-)*t E;(w)H; (z) (26)

6, (2 p*/%(p/q)"?)
z2(p/q)~ 1/2> 0, (£ p2/2(p/q)~/?)
(%pAij/qu/Z)
(;pA,,-/Zq—l/Z)

w g (%pAij/z(p/q)il/z)
z(p/q)1/2> Op/q (£ p%i2(p/q)/?)

For ¢ = slp, equations (13), (14), (21), (24)—(29) already define an elliptic algebra
which can be regarded as the= 1 case of the following more general elliptic deformation

Ej(w)H; (z) (27)

Fi(w)H*(2) (28)

‘1
H ()E;(w) = (=%t (

H @ Fw) = 0 /)

H @) Fj(w) = (=147 ( Fw)H (). (29)
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of the universal enveloping algebra of the Kac—Moody aIgeAb,—_rt,

H*@)H*(w) = (%)_2 W!fim)ﬂim (30)
R T
H* @) E(w) = (“’";2)_1 . ((’; qq;? E)H* (2) (32)
H™()Ew) = — (qu ) : (( P "ij%E(w)H‘(z) (33)
H* (2)F (w) = (w";/z)_l ;q ((vlfq"‘f;)) Fw)H () (34)
H™ (@) F(w) = <wic/2) l 99 (( 4 ?722)) Fw)H™(2) (35)
E@Ew =—(2)" z‘q’ E:i ;E(w)mz) (36)
F()F(w) = — (%)*l ZZ E:i ; Fw)F(2) (37)
[E(2), F(w)] = (p_ll)zw [a(wq )H*(zq ”%—6( 5 )H (g~ “/2)] (38)

wherec is the central charge anflandg are connected by the relation
qq = p°.
For generak, equations (13), (14), (21), (24)—(29) do not yet form a closed algebra because
the cubic Serre-like relations faE;(z) (resp. Fi(z)) have not been supplemented. Such
Serre-like relations can be explicitly obtained using results (36) and (37). The final closed
algebra has the following generating relations,
20, (£p"/%) 3 (% p*)
0 (55 p™72) b3 (5 p"97%)

Aij—c)/2 Aij+c)/2
( (A=0)/2) g, (Zp( i+9/2)
( p(Aj+c)/2)9 ( p(A 70)/2)

H* (w)H* (2) (39)

HE @ w) = (7).

20,
H @ H ) = (Z) ;. H (W) H;' (2) (40)

eq (l;)pA]/Zq—L/Z)

Ej(w)H;* 41
6, (2 pi72g ) (w)H;"(z) (41)

—c/2
HY(2)E;(w) = (=D)AL (wq )
Z

se/2\"1 g (y A,-_,-/2~c/2)
— . _ (_1\Aii-1 wq a\7 P 4q . —
H™ ()E;j(w) = (-1 ( - ) ) (ép/‘u'/zc}—c/z) E;(w)H; (z) (42)
c/2\"* g (E Aij/2 c/2)
+ _ Ay—1 [ W4 a\ZP " q ‘ +
HE@E;w) = (=D < z > 05 (iZPAi’/ZCI_C/Z) K “3

T We would like to thank H Awata for drawing our attention to [2], where ¢he 1 form of the elliptic algebra
in the case of = s/, was obtained independently.
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~—c/2 9‘5 (%pA,,-/quc/Z)

94 (;pA,-_/-/zcjc/z)

q

H (2)Fj(w) = (=Dt ( Fj(w)H; (z) (44)

Z

AA\/

_ ay-1 (WY LY Lph?) , ,

BB 0) = 1 (T) o por) B E (45)
_ Aij—1 16; (%pA )

@ Fw) = 10 (T) o (o) I (46)

[Ei(2), F;(w)] = s [ ( ) HY(zg™%) - ( ) H™ (wq”/ﬂ (47)
(p—Dzw zg¢

Ei(z)Ei(z2) Ej(w) — fij(z1/w, 22/w) Ei(z1) Ej (W) E; (z2) + Ej(w) E; (z1) E; (z2)

+(replacement; <> z,) =0 Ay =-1 (48)
Fi(z0) Fi(z2) F;(w) = gij (a/w, 22/w) Fi ) Fy W) Fi(z2) + F(w) Fi ) Fi (22)
+(replacement; < z) =0 Ay =-1 (49)
where
v (2)+1) (v (2) v (2) +1
o= i) (:;))+(vf§q> E; o 8 |
o (2)+1) () (2) i (2) +2
st = w,ﬁé?(é‘i))fw,‘j‘” 8 i E; |
in which

0, (xp"/2)

Qq(x_lpA"//Z)

1 eq(prl,-/Z)

6 (x~tpul?)

are structure functions that appeared in the commutation relations betyéen E; (w)
and F;(z), Fj(w), and they admit the factorization property

Y@ = (D

Uil () = (=)

@ @
S (x - (X
Ww= ey o= 80
¢ij (x4 ¢,’j (xil)
where the functions,? (x) and¢>l.(]f7)(x) are defined as follows
_a20q (xpPi/?) ; a2 (xptil?)
(@) _ Aij/274 (@) _ Aij/274
¢,‘j x)=x 79(1 (qu,-_,-/Z) ¢,‘j x)=x 79[7 (qu,-‘,/Z) .

These equations also imply that

vl =1 oyl eh =
Equations (11), (12), (22), (23) give a level 1 representation of the algebra (39)—(49)
on the Fock space of the Heisenberg algetita, (g).
To end this note, we would like to present some concluding remarks.
e With slight modifications to the zero mode contributions in the screening currents
of the quantum-deforme#® -algebras, we come to the new elliptic deformed Kac—Moody
algebra described in (39)—(49). Such algebras should be regarded as being generated by
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the Fourier coefficients of the generating currents and are associative algebras with unit.
However, unlike the usual quantum deformations of classical and affine Lie algebras, no
Hopf algebraic or quasi-Hopf algebraic structures can be defined over this new kind of
elliptic algebras.

e The algebra obtained in this note carries two deformation parameterin contrast
to the quantum group and Yangian algebras where only one deformation paran{gjer
is present. Moreover, the relations for the ‘positive’ and ‘negative’ generating currents
are deformed differently in the sense that the deformation parameters are different in these
relations. The only known example of algebras of this kind before this note is the algebras
Az ,(8), which are members of the so-called Hopf family of algebras [10, 9]. However,
we are not able to define the structure of Hopf family over the present elliptic algebra.
The relations between the new elliptic algebra and the Hopf family of algebras will be an
interesting subject of further study.

e For quantum groups and Yangian algebras, there exist different realizations including
the current realization, Reshetikhin—-Semenov-Tian-Shansky realization [11] and the Drinfeld
realizations. The elliptic algebra obtained in this note is only realized in the current
realization. It remains a hard problem to find the other possible realizations, especially
the realization which may have direct relation with the quantum Yang—Baxter relations.

e As mentioned earlier, the modification in the screening currents spoils the feature that
they commute with the quantum-deformBdalgebra up to total differences. Therefore, the
relationship between the resulting algebra and the quantum defowneljebra remains
unclear. Presumably the quantum deforniehlgebras can be obtained from our elliptic
algebra in terms of &g, p)-deformed version of Hamiltonian reduction. It seems that this
problem deserves to be studied in detail. Note thaigtiifference version of Hamiltonian
reduction has recently been carried out by Fremell [7] and Semenov-Tian-Shansky and
Sevostyanov [12].

e The elliptic algebra is obtained here only with the lewet 1 bosonic representation.

It seems that much more effort should be paid towards the representation theory of this new
kind of algebra, especially the representations with higher level and the irreducibility, the
spinor representations and the level zero representations should be studied in detail. We do
not know whether there exist any relationship between the level zero form of our algebra
and the elliptic quantum groups proposed by Felder [5]. Hopefully there is some, but this
problem can only be answered after a detailed study.

e Finally, the possible physical application of the new elliptic algebra should be studied,
for example whether there exist any physical models bearing the new algebra as a symmetry.
It is also interesting to mention that in conventional conformal field theories, the screening
currents of the usuaW-algebras also do not close into a single algebra. After similar
modifications it is hopeful that they also form closed algebras.
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